The hydrodynamic loading on a solid body moving in a viscous fluid can be strongly affected by its proximity to a surface. In this article, we calculate the hydrodynamic load on an infinitely long rigid beam of zero thickness that is undergoing small amplitude oscillations. The presence of a solid surface an arbitrary distance from the beam is rigorously accounted for using a boundary integral formulation.
I. INTRODUCTION
The hydrodynamic loading on an infinite cylinder undergoing small amplitude oscillations in a viscous fluid has been the subject of numerous theoretical and experimental investigations. [1] [2] [3] [4] [5] [6] [7] For simple geometries, such as cylinders with circular or elliptical cross sections, analytical solutions to the governing equations can often be obtained. [1] [2] [3] [4] In order to find a solution for more complicated geometries, numerical techniques are commonly employed. Utilizing a boundary integral formulation for the streamfunction of the unsteady flow, numerical solutions have been obtained for many rigid particle geometries. 5, [8] [9] [10] [11] [12] Of particular interest in the present study is the method detailed by Tuck, 5 which is applicable to infinitely long rigid cylinders of arbitrary cross section. For the special case of a cylinder with zero thickness, Tuck 5 presented explicit numerical results for the hydrodynamic load which have subsequently been demonstrated to have important practical applications to the atomic force microscope ͑AFM͒ and micro-electro-mechanical systems ͑MEMS͒. [13] [14] [15] [16] [17] [18] [19] In practice, these applications involve a cantilever beam vibrating near a surface or sample. [20] [21] [22] [23] [24] [25] [26] [27] It is well known, however, that the presence of a wall can strongly affect the hydrodynamic loading on a body immersed in a viscous fluid, particularly when the body-wall separation is small. [28] [29] [30] [31] [32] [33] [34] [35] Unfortunately, the theoretical formalism of Ref. 5 , which is particularly useful for calculating the hydrodynamic loading on a cylinder, assumes that the fluid in which the cylinder is immersed is unbounded. This assumption clearly limits this model to cases where no wall is present. As such, it is not directly applicable to the case in which we are primarily interested in, namely a cylinder oscillating near a solid wall. Theoretical corrections for the hydrodynamic loading on a cylinder near a surface currently in the literature are limited to using lubrication approximations, 28, 30, 33 i.e., small separation and inertialess flow. For many applications, in particular those related to the AFM and MEMS, a model free from these limitations is essential.
Presently, no rigorous theoretical model for the hydrodynamic loading on an oscillating cylinder immersed in a viscous fluid that includes the effect of a nearby surface and is valid for arbitrary cylinder-surface separations is available. Consequently, in this article, we extend the boundary integral technique of Tuck 5 to enable the hydrodynamic loading on an infinitely long rigid cylinder of arbitrary cross section that is undergoing small amplitude oscillations an arbitrary distance from a wall to be calculated. Using this general formulation, we consider the particular case of a cylinder of zero thickness, due to its importance in many applications. 13, 14, 17, 18, 26, 27 Detailed numerical results for the hydrodynamic loading are given for both pure normal and pure torsional oscillations of the cylinder.
Using a similar boundary integral formulation, the hydrodynamic loading on an infinite cylinder immersed in an inviscid fluid is also calculated, including the contribution due to the presence of a wall in a rigorous manner. These results, which are presented in Appendix A, serve a dual purpose, providing us with asymptotes in the appropriate limit, as well as a check on the numerical scheme that we implement for the viscous fluid.
II. THEORY
We now describe how the boundary integral technique formulated by Tuck 5 is modified to account for the presence of a surface on the hydrodynamic loading on the cylinder.
Throughout, several simplifying assumptions are made, namely, ͑i͒ the cross section of the cylinder, which although arbitrary, is constant along its entire length; ͑ii͒ the amplitude of oscillations is small compared with the characteristic radial length scales of the cylinder; ͑iii͒ the fluid is incompressible.
At this stage, we note that all of these simplifying assumptions are also inherent in the analysis of Ref. 5 . In addition, we shall only consider the case where the nearby wall is an infinite rigid plane.
Since we restrict ourselves to the case of small amplitude oscillations, it follows that the assumption that the fluid be incompressible in nature is justified provided the wavelength of vibration greatly exceeds the cylinder's character-istic radial length scales, 36, 37 which is satisfied in many cases of practical interest. Another consequence of the small amplitude of vibration assumption is that nonlinear convective inertial effects in the fluid are negligible. Consequently, we need only consider the linearized unsteady Navier-Stokes equations, and the hydrodynamic loading on the cylinder becomes a linear function of its displacement.
A. Boundary integral formulation
To begin, since we are interested in a cylinder that is oscillating with small amplitude, we consider the Fourier transformed unsteady Stokes equations which govern the flow, namely,
where u͑y , z ͉ ͒ is the velocity field, P͑y , z ͉ ͒ is the pressure, is the viscosity of the fluid, the coordinate system is defined in Fig. 1 , and the Fourier transform of any function of time t is given by
For clarity, however, we shall henceforth work exclusively in the frequency domain and thus discard this superfluous notation. We note that the inverse ⌿͑y , z ͉ yЈ , zЈ͒ = −2 ͓⍀͑y , z ͉ yЈ , zЈ͒ − G͑y , z ͉ yЈ , zЈ͔͒. The subscript n denotes differentiation normal to the boundary of the fluid C, out of the flow field, while the subscript l denotes differentiation along C. For further details of the derivation of Eq. ͑4͒, the reader is referred to Ref. 5 .
The unknown quantities in Eq. ͑4͒ are the pressure P͑y , z ͉ ͒ and the component of vorticity in the x direction ͑y , z ͉ ͒ on the boundary. As detailed in Ref. 5 , this formulation is especially useful for calculating the forces and moments on the cylinder, which is of fundamental interest in this investigation.
When the cylinder is immersed in an infinite fluid, the contour of integration C in Eq. ͑4͒ describes the cross section of the cylinder only, see Ref. 5 , as the closing contour at infinity provides no contribution to the hydrodynamic loading. Therefore, for a cylinder immersed in an infinite viscous fluid, as considered in Ref. 5 , it is appropriate to use the well-known two-dimensional free space Green's functions
where R = ͱ ͑y − yЈ͒ 2 + ͑z − zЈ͒ 2 and K 0 is the modified Bessel function of the third kind. 39 In this article, however, we are interested in the hydrodynamic loading on a cylinder of arbitrary cross section located a distance h 0 from an infinite planar surface, see Fig. 1 . It is apparent that the contour of integration is now composed of two parts: one defining the surface of the cylinder C b , and the other the planar wall C w . The contributions due to the cut cancel each other out, and that due to the closing contour at infinity is again zero.
If we force the fluid to satisfy the no-slip boundary conditions at the wall, i.e., = n =0 on C w , Eq. ͑4͒ simplifies to 
where the superscripts w and b refer to the quantities on the surface of the wall or cylinder, respectively. Note that it is possible to consider other boundary conditions at the wall, e.g., to include the effects of boundary slip, using this formalism, if so desired. If it were possible to construct a Green's function satisfying the no-slip conditions at the wall, the first integral in Eq. ͑6͒ would vanish, and the hydrodynamic force on the cylinder could be solved exactly as detailed in Ref. 5 . Unfortunately, there does not exist a simple closed form Green's function for the unsteady Stokes equations in a semi-infinite fluid. Therefore, we choose to use the two-dimensional free space Green's functions of Eq. ͑5͒ for simplicity, and include the contribution due to the integral along the wall explicitly.
B. Infinitely thin beam
The integral equation given by Eq. ͑6͒ can, in principle, be solved for any cylinder cross sectional geometry specified by C b . In the present study, we are primarily interested in a rigid cylinder of zero thickness, i.e., an infinitely thin beam. In this section, we describe how Eq. ͑6͒ is solved using a technique that takes advantage of the geometry considered to limit the amount of numerical computation required. As such, the method of solution outlined in this study may not be directly applicable to cylinders of other geometries. Alternate schemes will be required in these cases.
For a beam of zero thickness, C b , which extends from y =−b /2 to y = b / 2, is composed of two parts: a contour defining the bottom face of the beam, C b− , and a contour in the opposite direction lying atop this, C b+ , describing the top face of the beam, see Fig. 2 . Disallowing relative motion of the top and bottom faces of the beam requires both and n to be continuous across the beam, effectively removing the first two terms in the second integral of Eq. ͑6͒. Furthermore as, dl = dy, ‫ץ‬ / ‫ץ‬l = ‫ץ‬ / ‫ץ‬y and ‫ץ‬ / ‫ץ‬n = ‫ץ‬ / ‫ץ‬z on C b− , while dl =−dy, ‫ץ‬ / ‫ץ‬l ‫ץ−=‬ / ‫ץ‬y and ‫ץ‬ / ‫ץ‬n ‫ץ−=‬ / ‫ץ‬z on both C b+ and C w , Eq. ͑6͒ becomes
where ⌬ and ⌬P are the differences in vorticity and pressure over the beam, i.e., ⌬P = P b+ − P b− , where P b+ and P b− are the pressure on the top and bottom face of the beam, respectively. Differentiating Eq. ͑7͒ with respect to zЈ and yЈ in turn to obtain the velocity components v and w, respectively, and evaluating each integral equation at either the wall ͑zЈ =0͒ or the zero thickness beam ͑zЈ = h 0 ͒, we obtain the following four coupled integral equations:
where v͑yЈ ,0͉ ͒ and w͑yЈ ,0͉ ͒ are the velocity components of the wall in the yЈ and zЈ directions, respectively, and 
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v͑yЈ , h 0 ͉ ͒ and w͑yЈ , h 0 ͉ ͒ are the corresponding velocity components of the beam. Note that now each integral equation has only three terms, as ⌿ yz Ј ͑y ,0͉ yЈ ,0͒,
Immediately, it is evident from Eq. ͑8͒ that the presence of the surface leads to coupling between the pressure and vorticity jumps across the beam. This is in stark contrast to the findings of Ref. 5 , where it was shown that, for an infinitely thin beam immersed in an infinite fluid, the pressure and vorticity jumps are described by uncoupled integral equations, e.g., purely normal motion does not result in a jump in vorticity across the beam.
Although the system of integral equations above can be solved for any motion of the infinite rigid beam and wall, we are primarily concerned with a beam undergoing pure normal ͑i.e., motion in the z direction only͒ or torsional ͑i.e., motion about the major axis of the beam͒ oscillations above a stationary wall, due to their relevance to applications of the AFM and MEMS. No other modes of oscillation are considered, as they cannot normally be measured using common AFM or MEMS devices. Consequently, we only consider the case where v͑yЈ ,0͉ ͒ = w͑yЈ ,0͉ ͒ = v͑yЈ , h 0 ͉ ͒ = 0, and w͑yЈ , h 0 ͉ ͒ = W͑yЈ ͉ ͒, where W͑yЈ ͉ ͒ is the normal velocity of the beam. For pure normal motion, W͑yЈ ͉ ͒ = W 0 , i.e., the normal velocity is constant over the width of the beam, while for torsional vibration, W͑yЈ ͉ ͒ = ⍀ 0 yЈ, where ⍀ 0 is the angular velocity.
An analytical solution to this system of integral equations appears exceedingly difficult, if not impossible. Consequently, in order to solve Eq. ͑8͒, we utilize the numerical scheme introduced in Ref. 5 . To begin, we nondimensionalize the system of integral equations by choosing length, pressure and vorticity scales appropriate for the motion under consideration. For both normal and torsional vibrations, we define a dimensionless length =2y / b. For pure normal motion, we define a dimensionless pressure P = b / ͑2W 0 ͒P and vorticity = b / ͑2W 0 ͒. For torsional motion, the dimensionless pressure and vorticity are given by P =1/͑⍀ 0 ͒P and =1/⍀ 0 , respectively. In addition, we define the Reynolds number of the flow as which describes the relative importance of the linear inertial and viscous terms in the unsteady Stokes equation. We now describe the numerical scheme that we implement to solve Eq. ͑8͒, which consists of transforming the system of integral equations into a corresponding system of matrix equations using quadrature. In order to solve the matrix system, we must discretize the integrals over both the width of the cantilever and that of the wall into an equal number of segments N. To account for the presence of the square root singularity in the pressure and vorticity jumps at the edge of the beam ͑ = ±1͒ for all finite values of Re, we implement an unequal quadrature scheme over the width of the beam, with j = −cos j / N, j =0,1, ... ,N. This provides a square root bias near the edges, 5 allowing us to make the following simplification: since we do not expect the pressure and vorticity to vary greatly over the width of the beam except right at the edges, it follows that, provided the range of integration is divided into a sufficient number of segments, the pressure and vorticity can be approximated as constant in each segment, e.g., P = P j for j Ͻ Ͻ j+1 . 41 Similarly, we use an unequal interval quadrature with the same number of segments for the integral along the wall. However, the integration now extends from −L w to L w , where L w is some positive constant far greater than unity. Therefore, on the surface of the wall, j =−L w cos j / N, j =0,1, ... ,N. Furthermore, we also assume that the pressure and vorticity on the wall do not vary rapidly, and approximate them as constant on each segment, as for the beam.
Forcing these equations to hold at the midpoint of the
.. ,N − 1 reduces the system of integral equations to the following system of matrix equations:
where P w , w , ⌬P b and ⌬ b are vectors containing the elements of the pressure and vorticity at the wall, and the pressure and vorticity jumps across the beam, respectively, and we have made use of the fact that 
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Fortunately, nearly all of these integrals can be performed analytically, as it is possible to express most of the integrands as a derivative with respect to . For these integrals, the elements of the respective matrix are of the form
where j =0,1, ... ,N − 1 and k =0,1, ... ,N − 1, and the functions f for each matrix are
where K 1 is a modified Bessel function of the third kind 39 and s , are Lommel functions, 42 which are defined as
ͪ, ͑14͒ ± − 1,− 3, ... , where 1 F 2 is a generalized hypergeometric function, 39 and
The remaining two matrices A 2 and C 1 have elements that must be found numerically using the definition of ⌿ and that of the matrix elements given in Eqs. ͑5͒ and ͑11͒, respectively, since the integration cannot be performed analytically.
At this stage, we note that the integrals defining the matrices A 1 and B 1 ͑as well C 3 and D 3 ͒ have logarithmic singularities at = Ј. 5 However, this does not present any difficulties, as we simply integrate through this point by ensuring the integral equations hold at the midpoint of the segments. In fact, the presence of this logarithmic singularity forces these matrices to be diagonally dominant, and therefore docile in their inversion properties.
Once these matrices are computed, the system of matrix equations can be solved to give the pressure jump across the beam
From this, we can also obtain the vorticity jump across the beam
as well as the pressure and vorticity at the wall,
Once the pressure jump across the beam is calculated, the hydrodynamic loading can be computed immediately. 5 The force per unit length in the z direction is
while the moment per unit length about the major axis of the beam is given by
In both instances, the integration can be performed using Riemann summation. At this stage, we note that the vorticity does not explicitly contribute to the hydrodynamic loading for a beam of zero thickness. 5 Rather, the vorticity induced by the presence of the planar wall affects the hydrodynamic loading indirectly through its coupling into the hydrodynamic pressure difference across the beam.
For a beam undergoing normal oscillations in a viscous fluid, the general form of the ͑Fourier transformed͒ hydrodynamic force per unit length in the z direction is given by 13 
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where the superscript n refers to normal oscillations. The function ⌫ n ͑͒, a complex valued function whose real and imaginary parts are proportional to the inertial and viscous loading, respectively, can be calculated by equating Eqs. ͑19͒ and ͑21͒ to obtain
where Re is the Reynolds number defined in Eq. ͑9͒. Similarly, for a beam undergoing torsional oscillations, equating Eq. ͑20͒ with the general form of the hydrodynamic moment per unit length
results in the following expression for the normalized hydrodynamic moment per unit length:
Finally, we note that in the limit as h 0 / b → ϱ, A 2 , A 3 , B 3 , C 1 , C 2 and D 2 all tend to zero, and Eq. ͑10͒ simplifies to
It then follows that the pressure and vorticity on the wall are both zero, as expected. Furthermore, the vorticity jump due to purely normal oscillation is also zero. Consequently, the pressure and vorticity jumps across the beam are no longer coupled, and we recover the matrix equation for the pressure jump derived in Ref. 5 for a beam immersed in an infinite viscous fluid.
III. RESULTS AND DISCUSSION
We now present numerical results for the hydrodynamic loading on an infinitely thin beam immersed in a viscous fluid and undergoing small amplitude oscillations a mean distance h 0 from an infinite solid planar surface using the method detailed in Sec. II B. The number of intervals used in the quadrature scheme was varied until a convergent solution was obtained. This was particularly important for large Re, where the kernel functions of the integrals contain oscillatory terms. 39 Typically, both the beam and wall were divided into N = O͑100͒ segments, which was sufficiently large enough to provide good accuracy over the entire range of h 0 / b and Re under consideration. The value of L w was systematically increased until the numerical solution had converged to within 1%, i.e., the difference between this solution and that for a larger L w was less than 1%. This was always achieved for L w = 10, which was consequently used to obtain the results presented in this study.
Throughout this analysis, a parameter space which encompasses the range of values typically encountered in applications of the AFM and MEMS is explored. For instance, Reϳ O͑1͒ for a typical AFM cantilever beam immersed in gas. 13 In liquid, it is usually an order of magnitude larger, while 0.1Ͻ h 0 / b Ͻϱ in practice.
A. Normal oscillations
To begin, we consider purely normal motion of the beam, i.e., W = 1. The normalized hydrodynamic pressure jump over the beam ⌬P b at Re= 1 as a function of beamsurface separation is presented in Fig. 3 . It is clearly evident that the real component of this pressure jump, ⌬P r b , which is in phase with the velocity of the beam, is strongly influenced by the presence of the surface for h 0 / b Ͻ 1, see Fig. 3͑a͒ . In contrast, the imaginary component of the hydrodynamic pressure jump ⌬P i b , in phase with the acceleration of the beam, is only weakly affected by the wall, see Fig. 3͑b͒ . Similar behavior is observed for both smaller and larger values of Re.
In Fig. 4 , we present results for the vorticity jump over the beam ⌬ b for the same values of Re and h 0 / b as in Fig.  3 . As h 0 / b → ϱ, the vorticity jump is zero, as discussed earlier in Sec. II B. When h 0 / b decreases, we find that both the real and imaginary components of the vorticity jump increase. As for the hydrodynamic pressure jump, the surface has a much stronger effect on the real part of the vorticity jump, cf. Figs. 4͑a͒ and 4͑b͒ . Again, similar behavior is observed for other values of Re.
Integrating the computed hydrodynamic pressure jump ⌬P b over the width of the beam, we obtain the normalized hydrodynamic force per unit length ⌫ n ͑͒ using Eq. ͑22͒, the Fig. 6͑a͒ , the inviscid results provide a very good approximation to the hydrodynamic loading for large Re, with a difference of less than 5% for Re= 1000, irrespective of h 0 / b. For the imaginary component ⌫ i n ͑͒, the low Re, small h 0 / b asymptote is obtained using lubrication theory, 28, 33 and is given by
see Appendix B for details. It is evident from Fig. 6͑b͒ that the low Re asymptote provides a very good approximation for h 0 / b = 0.1, even at Re= 100. At h 0 / b = 0.3, however, the asymptotic result no longer provides an accurate approximation to the imaginary component of the hydrodynamic loading. It is apparent from these results that holding the width b of the beam fixed and approaching the surface, i.e., decreasing h 0 / b, affects the value of ⌫ n ͑͒. If we consider the real part of the hydrodynamic function first, we observe that the inertial component of the hydrodynamic force per unit length of the beam remains fairly constant for fixed Re at different h 0 / b over the entire range of Re considered, see Fig. 5͑a͒ . At large Re, we see that ⌫ r n ͑͒ increases as h 0 / b decreases, as expected from the analysis presented in Appendix A. As Re decreases, there is a cross-over point where ⌫ r n ͑͒ becomes smaller than the value for h 0 / b → ϱ, although we stress that 
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Small amplitude oscillations of a thin beam Phys. Fluids 17, 073102 ͑2005͒ the values are always of the same order of magnitude over the range of Re and h 0 / b considered here. This behavior is consistent with that observed in Fig. 3͑b͒ for the hydrodynamic pressure jump over the beam at Re= 1. Markedly different behavior is observed for ⌫ i n ͑͒, see Fig. 5͑b͒ . From these results, it is clear that the dissipative component of the hydrodynamic force per unit length increases dramatically as h 0 / b decreases, particularly at low Re. For instance, the difference between ⌫ i n ͑͒ for h 0 / b = 0.1 and its value for h 0 / b → ϱ at Re= 10 −4 is nearly four orders of magnitude. These results demonstrate that the proximity of a solid surface leads to a vast increase in viscous dissipative effects in the fluid, as expected from lubrication theory. 28, 33 Furthermore, it is apparent that the small Re behavior of ⌫ i n ͑͒ in the vicinity of a wall is markedly different to that in an infinite fluid, cf. Eq. ͑26͒ above and Eq. ͑19͒ of Ref. 13 , and see Fig. 5͑b͒ . Specifically, ⌫ i n ͑͒ϳRe −1 when the beam is near a surface, as opposed to ⌫ i n ͑͒ ϳ 1/͑Re log Re͒ for an infinite fluid. This behavior is also observed even when the beam is far from the wall, e.g., the slope of ⌫ i n ͑͒ for h 0 / b = 10 at low Re is also ϳRe −1 . This indicates that the presence of a wall can affect the behavior of the dissipative loading as Re→ 0 even at large separations. This finding is discussed further in Sec. III C.
B. Torsional oscillations
We now present analogous results for an infinitely thin beam undergoing small amplitude torsional oscillations in a viscous fluid near a surface. Figure 7 demonstrates that the presence of a surface has a similar effect on the hydrodynamic pressure jump over the beam ⌬P b for torsional oscillations as it does for the case of normal vibrations. Specifically, the real component of the pressure jump is strongly influenced by the wall for h 0 / b Ͻ 1, whereas the imaginary component is only weakly affected by the wall, cf. Figs. 7͑a͒ and 7͑b͒. Similar results for other values of Re are also obtained, as for normal oscillations.
Integrating ⌬P b over the width of the beam using Eq. ͑24͒, we obtain the normalized hydrodynamic moment per unit length ⌫ t ͑͒, the results of which are presented in Fig. 8 . As for normal oscillations, the real part of the normalized hydrodynamic moment per unit length ⌫ r t ͑͒ is proportional to inertial loading, while the imaginary component ⌫ i t ͑͒ is related to the dissipative loading on the beam. Results for immersion in an infinite fluid ͑h 0 / b → ϱ͒ are identical to those presented in Ref. 17 . Again, a comparison with available asymptotic results is provided, see Fig. 9 . Asymptotic results for the real component for large Re are obtained by solving for the inertial loading on an identical beam immersed in an inviscid fluid, see Appendix A for details. The low Re, small h 0 / b asymptote for the imaginary component is found using lubrication theory, 28, 33 and is given by
Re , ͑27͒
see Appendix B for details. Trends similar to those for normal oscillations are observed, see Sec. III A. Again, we see that as the infinitely thin beam approaches the surface, i.e., h 0 / b decreases, the normalized hydrodynamic moment per unit length is affected. If we first consider the real component ⌫ r t ͑͒, which is proportional to inertial loading on the beam, it is strikingly evident that there is very little variation for ReϾ 1, except for the smallest value of h 0 / b considered, see Fig. 8͑a͒ . For Reӷ 1, we see that ⌫ r t ͑͒ approaches the inviscid results of Appendix A. However, the deviation from the result in an infinite fluid ͑h 0 / b → ϱ͒ is small, as discussed in Appendix A. The behavior for ReϽ 1 is much different, however. In this region, we see that the inertial component of the hydrodynamic moment per unit length increases rapidly as h 0 / b decreases. Indeed, ⌫ r t ͑͒ for h 0 / b = 0.1 is approximately three orders of magnitude greater than its value in an infinite fluid at Re= 0.001. This is in stark contrast to the normalized hydrodynamic force per unit length due to normal oscillations, which was seen to be reasonably insensitive to h 0 / b over the entire range considered, see Sec. III A.
Turning our attention to the dissipative component of the normalized hydrodynamic moment per unit length, ⌫ i t ͑͒, we see that for h 0 / b Ͻ 1, large increases are observed. This is consistent with the findings for the dissipative component of the normalized hydrodynamic force per unit length due to normal oscillations of an infinitely thin beam presented in Fig. 5͑b͒ , although the increases are not as dramatic. As predicted by lubrication theory, the dissipative component dominates the inertial component of the normalized hydrodynamic loading for small h 0 / b, cf. Figs. 8͑a͒ and 8͑b͒. For beam-wall separation h 0 / b greater than unity, however, we see that ⌫ i t ͑͒ is virtually unaffected by the presence of the wall over the entire range of Re considered. This contrasts to the results for ⌫ i n ͑͒ given in Fig. 5͑b͒ , where it was shown that the low Re behavior of ⌫ i n ͑͒ is affected by the presence of the surface, even for large separations, see Sec. III A. This difference shall be discussed in further detail in the proceeding section.
C. Implications to Stokes paradox
As the Reynolds number of the flow becomes small, one may expect that the dissipative component of the normalized hydrodynamic loading on a body would approach the value of the drag force for slow, steady motion of the same body. For a cylinder that is undergoing small amplitude torsional oscillations about its major axis, this behavior is indeed observed, see Fig. 8͑b͒ . For normal oscillations, however, this is not the case. As discussed in Sec. III A, the dissipative loading on an oscillating infinitely thin beam immersed in an infinite fluid scales as ͑Re log Re͒ −1 for low Re, whereas for the steady solution it scales like Re −1 . This is a well-known consequence of Stokes paradox for oscillating cylinders. 6 However, the computed results for an infinitely thin beam immersed in a bounded viscous fluid and executing normal oscillations presented in Fig. 5 demonstrate that the dissipative component of the normalized hydrodynamic force per unit length scales as Re −1 for small Re, even for large gap heights. This is in stark contrast to an infinite fluid, as discussed above. Physically, this is a consequence of the long range nature of viscous forces. At low Re, the vorticity generated at the planar surface is able to diffuse through the fluid, influencing the hydrodynamic load on the beam.
This finding has implications to the interpretation of Stokes paradox for an oscillating cylinder, as in practice the cylinder is always immersed in a bounded fluid. The presence of a surface ensures that there is always a finite length scale present in the problem, even far from the cylinder. Accounting for the presence of a nearby surface therefore results in the low Re behavior expected from solution of the steady Stokes equations.
IV. CONCLUSIONS
We have presented a method for calculating the hydrodynamic loading on an infinitely long rigid cylinder of arbitrary cross section, immersed in a viscous fluid an arbitrary distance from a surface, and undergoing small amplitude oscillations. We considered the special case of an infinitely thin beam in particular, due to its practical relevance to the AFM and MEMS. Using a technique that relies on this special geometry to simplify the analysis, explicit numerical results were presented for both normal and torsional oscillations of such a beam. For both cases, it was found that the presence of the surface leads to coupling between the pressure and vorticity jumps across the beam, in contrast to the case for immersion in an infinite fluid ͑no wall͒ where it was demonstrated that purely normal motion of the beam results in no vorticity jump. 5 Expressions for the normalized hydrodynamic force per unit length and normalized moment per unit length were obtained, and detailed results provided for varying beamsurface separations. These results indicated that the presence of a surface typically leads to an increase in the hydrodynamic loading. In particular, the dissipative component of the 
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Small amplitude oscillations of a thin beam Phys. Fluids 17, 073102 ͑2005͒ loading increases dramatically for ReՇ 1 and h 0 / b Շ 1, dominating inertial effects in the fluid. This finding is inline with the well-known results from lubrication theory, where the hydrodynamic load is purely viscous, to leading order. Finally, the calculated results demonstrate that the low Re behavior of the viscous component of the normalized hydrodynamic loading on an oscillating cylinder scales like the slow, steady drag force when the effect due to proximity to a surface is included. This has obvious implications in practice, since the fluid is always bounded. where G͑y , z ͉ yЈ , zЈ͒ is the Green's function for Laplace's equation, see Eq. ͑5a͒. For a cylinder located above an infinite wall, Eq. ͑A2͒ becomes
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where C = C w + C b , see Fig. 1 and the discussion in Sec. II A. For an inviscid fluid, the only condition that must be satisfied at the wall is the no-penetration condition ͑i.e., no vertical velocity component at z =0͒. 43 This is satisfied if = 0 on the wall. Unlike the case for unsteady viscous flow, we can easily construct a Green's function that satisfies this requirement using the method of images. Introducing an image of opposite sign at −zЈ, we construct a bounded domain Green's function for Laplace's equation using the twodimensional free space Green's function, namely, 
͑A5͒
As discussed in Sec. II A, this integral equation can be solved in general for any cylinder cross section using the numerical technique described. Again, though, we explicitly consider the case of a zero thickness cylinder, i.e., an infinitely thin beam, see Fig. 2 . Once the pressure jump across the beam ⌬P b is found, the normalized hydrodynamic loading per unit length is obtained for both normal and torsional oscillations, using
and
respectively. Numerical results are presented in Fig. 10 . It is apparent that for h 0 / b Ͼ 1, the presence of the surface has very little effect on inertial loading on the infinitely thin beam. For h 0 / b Ͻ 1, however, the surface can have a strong effect on the magnitude of the inertial loading on the beam. This is true for both normal and torsional oscillations, see Figs. 10͑a͒ and 10͑b͒ , respectively. Finally, we note that Eq. ͑A3͒ was also solved using the free space Green's function for Laplace's equation and the method described in Sec. II B for an infinitely thin beam, i.e., explicitly evaluating the contribution due to the integral along the wall. However, as the integral equation for the inviscid fluid is much simpler than that for the viscous fluid, the system obtained consists of only two integral equations and two unknowns: the pressure jump across the beam and the pressure on the surface of the wall. The solution obtained in this manner shows excellent agreement with that obtained using the method of images, with a difference of less than 1% over the entire range of h 0 / b considered.
APPENDIX B: LOW Re, SMALL h 0 / b ASYMPTOTES
In the region where ReӶ 1 and h 0 / b Ӷ 1, we can find an analytical expression for the hydrodynamic loading on the infinite rigid beam using Reynolds lubrication theory. 28, 33 For small amplitude oscillations, we are justified in using the linearized Reynolds lubrication equation 33 
